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TD 1 Automatique linéaire 

Au tour de la fonction de transfert  

 

Exercice 1 : 

 

𝐸𝐶 =
1

2
𝑚�̇�2(𝑡) 

𝐸𝑝 =
1

2
𝐾𝑦²(𝑡) 

⟹ 𝐿 = 𝐸𝐶 − 𝐸𝑝 =
1

2
𝑚�̇�2(𝑡) −

1

2
𝐾𝑦²(𝑡) 

D’après Lagrange-Euler : 

𝑑

𝑑𝑡
(

𝜕𝐿

𝜕�̇�
) −

𝜕𝐿

𝜕𝑦
= −

𝜕𝐷

𝜕�̇�
+ 𝑢(𝑡) 

⟹ 𝑚�̈�(𝑡) + 𝑘𝑦(𝑡) = −𝛼�̇�(𝑡) + 𝑢(𝑡) 

⟹ 𝑚�̈�(𝑡) + 𝛼�̇�(𝑡) + 𝑘𝑦(𝑡) = 𝑢(𝑡) 

TL =>  

𝑚𝑝2𝑌(𝑝) + 𝛼𝑝𝑌(𝑝) + 𝐾𝑌(𝑝) = 𝑢(𝑝) 

⟹  𝑌(𝑝)(𝑚𝑝2 + 𝛼𝑝 + 𝐾) = 𝑢(𝑝) 

⟹ 𝐻(𝑝) =
𝑌(𝑝)

𝑢(𝑝)
=

1

𝑚𝑝2 + 𝛼𝑝 + 𝐾
 

 

Exercice 2 : 
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∑ 𝐹𝑒𝑥𝑡 = 𝑚�⃗� 

On projette sue l’axe Ox : 

−𝐾𝑦(𝑡) − 𝛼�̇�(𝑡) + 𝑢(𝑡) = 𝑚�̈�(𝑡) 

Transformé de Laplace : 

⟹ −𝐾𝑌(𝑝) − 𝛼𝑝𝑌(𝑝) + 𝑢(𝑝) = 𝑚𝑝2𝑌(𝑝) 

⟹ 𝑌(𝑝). (𝑚𝑝2 + 𝛼𝑝 + 𝐾) = 𝑢(𝑃) 

⟹ 𝐻(𝑝) =
𝑌(𝑝)

𝑢(𝑝)
=

1

𝑚𝑝2 + 𝛼𝑝 + 𝐾
 

 

 

Exercice 3 : 

 

𝜀 = 𝐸 − 𝑒5 

𝑒1 = 𝜀. 𝐺1 

𝑒2 = 𝑒1 − 𝑒5. 𝐺5 

𝑒2
′ = 𝑒2. 𝐺2 

𝑒4 = 𝑒2
′ . 𝐺4 

𝑒3 = 𝑒2
′ . 𝐺3 

𝑒5 = 𝑒3 + 𝑒4 

 

𝐻 =
𝑒5

𝐸
 

𝑒5 = 𝑒3 + 𝑒4 = 𝑒2
′ . 𝐺3 + 𝑒2

′ . 𝐺4 = 𝑒2
′ × (𝐺3 + 𝐺4) 

⟹ 𝑒5 = 𝑒2. 𝐺2 × (𝐺3 + 𝐺4) = 𝑒2 × (𝐺2. 𝐺3 + 𝐺2. 𝐺4) 

⟹ 𝑒5 = (𝑒1 − 𝑒5. 𝐺5) × (𝐺2. 𝐺3 + 𝐺2. 𝐺4) 

⟹ 𝑒5 × (1 + 𝐺5 × (𝐺2. 𝐺3 + 𝐺2. 𝐺4)) = 𝑒1 × (𝐺2. 𝐺3 + 𝐺2. 𝐺4) 
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⟹ 𝑒5 × (1 + 𝐺5 × (𝐺2. 𝐺3 + 𝐺2. 𝐺4)) = 𝜀 × (𝐺1. 𝐺2. 𝐺3 + 𝐺1. 𝐺2. 𝐺4) 

⟹ 𝑒5 × (1 + 𝐺5 × (𝐺2. 𝐺3 + 𝐺2. 𝐺4)) = (𝐸 − 𝑒5) × (𝐺1. 𝐺2. 𝐺3 + 𝐺1. 𝐺2. 𝐺4) 

⟹ 𝑒5 × (1 + 𝐺5. 𝐺2. (𝐺3 + 𝐺4) + 𝐺1. 𝐺2. (𝐺3 + 𝐺4)) = 𝐸 × 𝐺1. 𝐺2 × (𝐺3 + 𝐺4) 

⟹ 𝑒5 =
𝐸 × 𝐺1 × 𝐺2 × (𝐺3 + 𝐺4)

1 + 𝐺5 × 𝐺2 × (𝐺3 + 𝐺4) + 𝐺1 × 𝐺2 × (𝐺3 + 𝐺4)
 

 

⟹ 𝐻 =
𝐺1 × 𝐺2 × (𝐺3 + 𝐺4)

1 + 𝐺5 × 𝐺2 × (𝐺3 + 𝐺4) + 𝐺1 × 𝐺2 × (𝐺3 + 𝐺4)
 

 

 

Exercice 4 : 

 

𝜀 = 𝐸 + 𝑒4. 𝐺5 

𝑒1 = 𝜀. 𝐺1 

𝑒2 = 𝑒1. 𝐺1 

𝑒3 = 𝑒2 + 𝑒4. 𝐺4 

𝑒4 = 𝑒3. 𝐺3 

𝐻 =
𝑒4

𝐸
 

𝑒4 = 𝑒3. 𝐺3 = (𝑒2 + 𝑒4. 𝐺4) × 𝐺3 

⟹ 𝑒4(1 − 𝐺3𝐺4) = 𝑒2. 𝐺3 

⟹ 𝑒4(1 − 𝐺3𝐺4) = 𝑒1. 𝐺2𝐺3 = 𝜀. 𝐺1. 𝐺2. 𝐺3 

⟹ 𝑒4(1 − 𝐺3𝐺4) = (𝐸 + 𝑒4. 𝐺5). 𝐺1. 𝐺2. 𝐺3 

⟹ 𝑒4 =
𝐸. 𝐺1. 𝐺2. 𝐺3

1 − 𝐺3. 𝐺4 − 𝐺1. 𝐺2. 𝐺3. 𝐺5
 

 

⟹ 𝐻 =
𝐺1. 𝐺2. 𝐺3

1 − 𝐺3. 𝐺4 − 𝐺1. 𝐺2. 𝐺3. 𝐺5
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Exercice 5 : 

Système 1 : 

 

𝑆 = 𝑒3. 𝐺3 

𝜀 = 𝐸 − 𝑒3 

𝑒3 = 𝑒2. 𝐺2 

𝑒2 = 𝑒1 − 𝑆 

𝑒1 = 𝜀. 𝐺1 

On a : 

𝑆 = 𝑒3. 𝐺3 = 𝑒2. 𝐺2. 𝐺3 

⟹ 𝑆 = 𝑒1. 𝐺2. 𝐺3 − 𝑆. 𝐺2. 𝐺3 

⟹ 𝑆(1 + 𝐺2. 𝐺3) = 𝜀. 𝐺1. 𝐺2. 𝐺3 

⟹ 𝑆(1 + 𝐺2. 𝐺3) = (𝐸 − 𝑒3)𝐺1. 𝐺2. 𝐺3 

⟹ 𝑆(1 + 𝐺2. 𝐺3) = 𝐸. 𝐺1. 𝐺2. 𝐺3 − 𝑒3. 𝐺1. 𝐺2. 𝐺3 

⟹ 𝑆(1 + 𝐺2. 𝐺3) = 𝐸. 𝐺1. 𝐺2. 𝐺3 − (
𝑆

𝐺3
) . 𝐺1. 𝐺2. 𝐺3 

 

⟹ 𝑆 =
𝐸. 𝐺1. 𝐺2. 𝐺3

1 + 𝐺2. 𝐺3 + 𝐺1. 𝐺2
 

Donc :  

⟹ 𝐻 =
𝐺1. 𝐺2. 𝐺3

1 + 𝐺2. 𝐺3 + 𝐺1. 𝐺2
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Système 2 : 

 

𝑆 = 𝑒4. 𝐺3 

𝑒4 = 𝑒1 + 𝑒3 

𝑒3 = 𝑒2. 𝐺2 

𝑒2 = 𝑒1 − 𝑒4 

𝑒1 = 𝐸. 𝐺1 

On a : 

𝑆 = 𝑒4. 𝐺3 = (𝑒1 + 𝑒3) × 𝐺3 = (𝐸. 𝐺1 + 𝑒2. 𝐺2) × 𝐺3 

⟹ 𝑆 = 𝐸. 𝐺1. 𝐺3 + 𝑒2. 𝐺2. 𝐺3 

⟹ 𝑆 = 𝐸. 𝐺1. 𝐺3 + (𝑒1 − 𝑒4). 𝐺2. 𝐺3 

⟹ 𝑆 = 𝐸. 𝐺1. 𝐺3 + 𝑒1. 𝐺2. 𝐺3 − 𝑒4. 𝐺2. 𝐺3 

⟹ 𝑆 = 𝐸. 𝐺1. 𝐺3 + 𝐸. 𝐺1. 𝐺2. 𝐺3 − (
𝑆

𝐺3
) . 𝐺2. 𝐺3 

⟹ 𝑆 =
𝐸. (𝐺1. 𝐺3 + 𝐺1. 𝐺2. 𝐺3)

1 + 𝐺2
 

Donc : 

⟹ 𝐻 =
𝐺1. 𝐺3 + 𝐺1. 𝐺2. 𝐺3

1 + 𝐺2
 

 

 

 

𝐸𝐶 =
1

2
𝑚�̇�2(𝑡) 

𝐸𝑝 =
1

2
𝐾𝑦²(𝑡) 

⟹ 𝐿 = 𝐸𝐶 − 𝐸𝑝 =
1

2
𝑚�̇�2(𝑡) −

1

2
𝐾𝑦²(𝑡) 

D’après Lagrange-Euler : 

𝑑

𝑑𝑡
(

𝜕𝐿

𝜕�̇�
) −

𝜕𝐿

𝜕𝑦
= −

𝜕𝐷

𝜕�̇�
+ 𝑢(𝑡) 
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⟹ 𝑚�̈�(𝑡) + 𝑘𝑦(𝑡) = −𝛼�̇�(𝑡) + 𝑢(𝑡) 

⟹ 𝑚�̈�(𝑡) + 𝛼�̇�(𝑡) + 𝑘𝑦(𝑡) = 𝑢(𝑡) 

TL =>  

𝑚𝑝2𝑌(𝑝) + 𝛼𝑝𝑌(𝑝) + 𝐾𝑌(𝑝) = 𝑢(𝑝) 

⟹  𝑌(𝑝)(𝑚𝑝2 + 𝛼𝑝 + 𝐾) = 𝑢(𝑝) 

⟹ 𝐻(𝑝) =
𝑌(𝑝)

𝑢(𝑝)
=

1

𝑚𝑝2 + 𝛼𝑝 + 𝐾
 

 

Exercice 6 : 

 

En appliquant la technique de superposition : 

𝐸2 = 0 𝑒𝑡 𝐸3 = 0   ⟹  𝐻1 =
𝑆

𝐸1
=

𝐺1𝐺3

1 − 𝐺1𝐺3𝐺4𝐺5
    

𝐸1 = 0 𝑒𝑡 𝐸3 = 0   ⟹  𝐻2 =
𝑆

𝐸2
=

𝐺3

1 − 𝐺1𝐺3𝐺4𝐺5
    

𝐸1 = 0 𝑒𝑡 𝐸1 = 0   ⟹  𝐻3 =
𝑆

𝐸3
=

𝐺5

1 − 𝐺1𝐺3𝐺4𝐺5
    

⟹ 𝐻𝑡𝑜𝑡𝑎𝑙 = 𝐻1 + 𝐻2 + 𝐻3 

⟹ 𝐻𝑡𝑜𝑡𝑎𝑙 =
𝐺3 + 𝐺1𝐺3 + 𝐺5

1 − 𝐺1𝐺3𝐺4𝐺5
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Exercice 7 : 

 

 

En appliquant la technique de superposition : 

𝐸2 = 0 ⟹  𝐻1(𝑝) =
𝑆

𝐸1
  

𝑆 = 𝑒5. 𝐺3 

𝜀 = 𝐸1 − 𝐻1. 𝑆 

𝑒1 = 𝜀. 𝐺1 

𝑒2 = 𝑒1 − 𝐻2𝑆. 

𝑒3 = 𝑒2. 𝐺2 

𝑒4 = 𝑒3 − 𝐻2. 𝑆 

𝑒5 = 𝑒4 

 

𝑜𝑛 𝑎 ∶  𝑆 = 𝑒5. 𝐺3 = (𝑒3 − 𝐻2. 𝑆)𝐺3 = (𝑒2. 𝐺2 − 𝐻2. 𝑆). 𝐺3 

⟹ 𝑆 = (𝑒1. 𝐺2 − 𝑒4. 𝐺2. 𝐻3 − 𝐻2. 𝑆). 𝐺3 

⟹ 𝑆 = (𝑒1. 𝐺2 − (𝑒3 − 𝐻2. 𝑆). 𝐺2. 𝐻3 − 𝐻2. 𝑆). 𝐺3 

⟹ 𝑆 = (𝐸1. 𝐺1. 𝐺2 − 𝐻1. 𝑆. 𝐺2. 𝐺1 − (𝑒2. 𝐺2 − 𝐻2. 𝑆). 𝐺2. 𝐻3 − 𝐻2. 𝑆). 𝐺3 

⟹ 𝑆 = (𝐸1. 𝐺1. 𝐺2 − 𝐻1. 𝑆. 𝐺2. 𝐺1 − (𝑒3 − 𝐻2. 𝑆). 𝐺2. 𝐻3 − 𝐻2. 𝑆). 𝐺3 

Or :  𝑒4 = 𝑒3 − 𝐻2. 𝑆 = 𝑒5   ⟹ 𝑒4 =
𝑆

𝐺3
 

⟹  𝑒3 = 𝑆. 𝐻2 +
𝑆

𝐺3
 

 

Donc : 

𝐻1(𝑝) =
𝑆

𝐸1
=

𝐺1. 𝐺2. 𝐺3

1 + 𝐻1. 𝐺1. 𝐺2. 𝐺3 + 𝐻3. 𝐺2 + 𝐻2. 𝐺3
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𝐸1 = 0 ⟹  𝐻2(𝑝) =
𝑆

𝐸2
 

 

𝑒1 = 𝑆. 𝐻1. 𝐺1 

𝑒2 = 𝑒1 − 𝐻3. 𝑒4 

𝑒3 = 𝑒2. 𝐺2 

𝑒4 = 𝑒3 − 𝐻2. 𝑆 

𝑒5 = 𝑒4 + 𝐸2 

𝑆 = 𝑒5. 𝐺3 = 𝑒4. 𝐺3 + 𝐸2. 𝐺3 = 𝑒3. 𝐺3 − 𝑆. 𝐻2. 𝐺3 + 𝐸2. 𝐺3 

⟹ 𝑆 = 𝑒2. 𝐺2. 𝐺3 − 𝑆. 𝐻2. 𝐺3 + 𝐸2. 𝐺3 

⟹ 𝑆 = 𝑒1. 𝐺2. 𝐺3 − 𝑒4. 𝐻3. 𝐺2. 𝐺3 − 𝑆. 𝐻2. 𝐺3 + 𝐸2. 𝐺3 

⟹ 𝑆 = 𝑆. 𝐻1. 𝐺1. 𝐺2. 𝐺3 − (
𝑆 − 𝐸2. 𝐺3

𝐺3
) . 𝐻3. 𝐺2. 𝐺3 − 𝑆. 𝐻2. 𝐺3 + 𝐸2. 𝐺3 

⟹ 𝑆 = 𝑆. 𝐻1. 𝐺1. 𝐺2. 𝐺3 − (𝑆 − 𝐸2. 𝐺3). 𝐻3. 𝐺2 − 𝑆. 𝐻2. 𝐺3 + 𝐸2. 𝐺3 

⟹ 𝑆 =
𝐸2. 𝐻3. 𝐺2. 𝐺3 + 𝐸2. 𝐺3

1 − 𝐻1. 𝐺1. 𝐺2. 𝐺3 + 𝐻3. 𝐺2
 

 

⟹ 𝐻2(𝑝) =
𝑆

𝐸2
=

𝐻3. 𝐺2. 𝐺3 + 𝐺3

1 − 𝐻1. 𝐺1. 𝐺2. 𝐺3 + 𝐻3. 𝐺2
 

 

Donc :  

⟹ 𝐻𝑡𝑜𝑡𝑎𝑙 = 𝐻1(𝑝) + 𝐻2(𝑝) 

⟹ 𝐻𝑡𝑜𝑡𝑎𝑙 =
𝐺1. 𝐺2. 𝐺3

1 + 𝐻1. 𝐺1. 𝐺2. 𝐺3 + 𝐻3. 𝐺2 + 𝐻2. 𝐺3
+

𝐻3. 𝐺2. 𝐺3 + 𝐺3

1 − 𝐻1. 𝐺1. 𝐺2. 𝐺3 + 𝐻3. 𝐺2
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